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Announcements

Quiz 1 available on Canvas at 4pm today!

(]

Discussion (lecture): Fridays at 11am in AH G127 (recordings after).
Discussion (problems): Fridays at 2pm in AH G127 (recordings after).

Office hours: Thursdays after 3pm (email ahead), Fridays at 3pm
standing, or by appointment anytime!
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Announcements

Quiz 1 available on Canvas at 4pm today!

Discussion (lecture): Fridays at 11am in AH G127 (recordings after).

(]

Discussion (problems): Fridays at 2pm in AH G127 (recordings after).

Office hours: Thursdays after 3pm (email ahead), Fridays at 3pm
standing, or by appointment anytime!

Topics today

1. Practice exam solutions
2. Interest rates and welfare
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Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function
u(ci, @) =In(a) + Blin(e2)

where ¢; denotes consumption in period t and r > 0 is the interest rate.
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Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function

u(ci, @) =In(a) + Blin(e2)
where ¢; denotes consumption in period t and r > 0 is the interest rate.

a) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 0. Also
compute lifetime utility U := u(cy, ¢3') in this case.
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Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function

u(ci, @) =In(a) + Blin(e2)
where ¢; denotes consumption in period t and r > 0 is the interest rate.
a) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 0. Also
compute lifetime utility U := u(cy, ¢3') in this case.
The consumer’s optimization problem is given by

1 1
| 1-1 t L o—20+-—10
maxlin(er) +1-In(e)] s At 02 ® 10
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Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function

u(ci, @) =In(a) + Blin(e2)

where ¢; denotes consumption in period t and r > 0 is the interest rate.

a) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 0. Also
compute lifetime utility U := u(cy, ¢3') in this case.
The consumer’s optimization problem is given by

1 1
| 1-1 t L o—20+-—10
maxlin(er) +1-In(e)] s At 02 ® 10

We can use the optimality condition to get the Euler equation

1
p1 o 1
MRS = — =4 CTI = I =4 Cl] = C
P2 o
Elird Haxhiu ECON 402 Discussion

May 13, 2022 3/14



Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function

u(ci, @) =In(a) + Blin(e2)

where ¢; denotes consumption in period t and r > 0 is the interest rate.

a) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 0. Also
compute lifetime utility U := u(cy, ¢3') in this case.
The consumer’s optimization problem is given by

1 1
| 1-1 t L o—20+-—10
maxlin(er) +1-In(e)] s At 02 ® 10

We can use the optimality condition to get the Euler equation
1
1
MRS = & =4 CTI = - =4 Cl] = C
P2 o

which we can combine with the lifetime budget constraint to get consumption
aa+c=30 & ca+ca=30

which implies that ¢ = ¢J = 15, so there is perfect consumption smoothing.
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Practice exam solutions

#1 (Consumption) Suppose an agent lives for T = 2 periods with income stream
(y1,y2) = (20, 10), discount factor 8 = 1, and lifetime utility function
u(ci, @) =In(a) + Blin(e2)

where ¢; denotes consumption in period t and r > 0 is the interest rate.

a) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 0. Also
compute lifetime utility U := u(cy, ¢3') in this case.
The consumer’s optimization problem is given by

1 1
| 1-1 t L o—20+-—10
maxlin(er) +1-In(e)] s At 02 ® 10

We can use the optimality condition to get the Euler equation

1

MRS = & =4 CTI = - =4 ClL = C
P2 o
which we can combine with the lifetime budget constraint to get consumption
aa+c=30 & ca+ca=30

which implies that ¢ = ¢J = 15, so there is perfect consumption smoothing. This is
enabled by saving s = y1 — ¢f =20 — 15 =5 in the first period. Lifetime utility in this
case is UJ = u(cf, cy) =In(15) + In(15) ~ 5.42
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Practice exam solutions

b) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 1. Compute
lifetime utility U := u(cf, ¢ ) in this case and compare to Uj. Under which interest rate
is the consumer better off; does this make sense?
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Practice exam solutions

b) Find optimal consumption ¢ and saving s; Vt when the interest rate is r = 1. Compute
lifetime utility U := u(cf, ¢ ) in this case and compare to Uj. Under which interest rate
is the consumer better off; does this make sense?

The consumer’s optimization problem is given by

[In(c1) + 1 - In(c2)] t + L 204+ 10
max |In(c - In( ¢ S. C Cy) = —_—
ae Nt 2 1T ” 1+1

We can use the optimality condition to get the Euler equation

1
o 1
MRS = PL o LT="F & a=20
P2 o 1+1

which we can combine with the lifetime budget constraint to get consumption
1 1
c1+§<:2:25 & c1+§2c1:25

which implies that ¢ = 12.5 and ¢ = 25, so there is no longer perfect consumption
smoothing. This is enabled by saving s = y1 — ¢ = 20 — 12.5 = 7.5. Lifetime utility is
Uf =1In(12.5) + In(25) ~ 5.74. The consumer is better off under the higher interest rate
because they are savers and can earn a greater return on their savings in this case.
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Practice exam solutions

c) Now assume that the consumer’s lifetime income stream is (y1, 2) = (10, 20). Solve parts
a and b again and compare your answers.
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Practice exam solutions

c) Now assume that the consumer’s lifetime income stream is (y1, 2) = (10, 20). Solve parts
a and b again and compare your answers.

When r = 0, we see that being rich earli~er or later in life doesn’t matter. The solution is
identical to part a, with lifetime utility Uj = 6‘ =~ 5.42. However, when the interest rate

is r = 1, we can see that the consumer will be a borrower in their attempts to smooth
consumption over time. They should be worse off relative to part c; we find

&=1 &=20 35=0 Uy~530

so the consumer chooses not to borrow and instead consumes their endowment of income.
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Practice exam solutions

<)

d)

Now assume that the consumer’s lifetime income stream is (1, ¥2) = (10,20). Solve parts
a and b again and compare your answers.

When r = 0, we see that being rich earlier or later in life doesn't matter. The solution is
identical to part a, with lifetime utility Ur = Ua‘ =~ 5.42. However, when the interest rate
is r = 1, we can see that the consumer will be a borrower in their attempts to smooth
consumption over time. They should be worse off relative to part c; we find

&=1 &=20 35=0 Uy~530

so the consumer chooses not to borrow and instead consumes their endowment of income.

Now assume that r = 0 and (y1,y2) = (20, 10) again, but the consumer faces a borrowing
constraint such that they cannot borrow more than 5 units of the consumption good.
Solve for optimal consumption and saving in this case, and compute lifetime utility 06‘
Compare this to Uy ; does this make sense.
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Practice exam solutions

<)

d)

Now assume that the consumer’s lifetime income stream is (1, ¥2) = (10,20). Solve parts
a and b again and compare your answers.

When r = 0, we see that being rich earlier or later in life doesn't matter. The solution is
identical to part a, with lifetime utility Ur = Ua‘ =~ 5.42. However, when the interest rate
is r = 1, we can see that the consumer will be a borrower in their attempts to smooth
consumption over time. They should be worse off relative to part c; we find

&=1 &=20 35=0 Uy~530

so the consumer chooses not to borrow and instead consumes their endowment of income.

Now assume that r = 0 and (y1,y2) = (20, 10) again, but the consumer faces a borrowing
constraint such that they cannot borrow more than 5 units of the consumption good.
Solve for optimal consumption and saving in this case, and compute lifetime utility 06‘
Compare this to Uy ; does this make sense.

We previously showed that when the interest rate is zero and the consumer is rich early in

life, they will be a saver to perfectly smooth consumption. Thus, the borrowing constraint
s1 > —5 will not bind, since they will choose s;* > 0. Lifetime utility is identical to part a.
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the

aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the

aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.

a) If the production function takes the constant elasticity of substitution (CES) form given

by F(K:, Lt) = A(aK! + (1 — a)L{)% where A >0, a € (0,1), and r < 1, show that both
marginal products are positive and decreasing.
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the

aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.

a) If the production function takes the constant elasticity of substitution (CES) form given

by F(K:, Lt) = A(aK! + (1 — a)L{)% where A >0, a € (0,1), and r < 1, show that both
marginal products are positive and decreasing.

0

A —r
MP, = —F=2(aKl+(1—a)ll) 7 (1-a)ll"1>0
8Lt r
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the
aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.

a) If the production function takes the constant elasticity of substitution (CES) form given

by F(K:, Lt) = A(aK! + (1 — a)L{)% where A >0, a € (0,1), and r < 1, show that both
marginal products are positive and decreasing.

a A r r 1-r r—1
MP, = —F=Z2(aK/+(1-a)l) 7 -1-—a)li"t>0
8Lt r
5} 1-r
S MPL = A(L—a) - [(ak] +(1—a)L)) 7 (r—1)Li72 4. ..
t

1-—2r

1—
...Lfl%(aK{-i-(l—a)L{) F1-a)li <0
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the
aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.

a) If the production function takes the constant elasticity of substitution (CES) form given

by F(K:, Lt) = A(aK! + (1 — a)L{)% where A >0, a € (0,1), and r < 1, show that both
marginal products are positive and decreasing.

a A r r 1-r r—1
MP, = —F=Z2(aK/+(1-a)l) 7 -1-—a)li"t>0
8Lt r
) - -
SCMPL = A—a)-[(aKi + (1 =)L) T (r= 1)L 2
t

1-—2r

1—
...Lfl%(aK{-i-(l—a)L{) F1-a)li <0

b) For the CES production function above, show that there are constant returns to scale
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Practice exam solutions

#2 (Production Functions and Growth Accounting) Suppose an economy is characterized by the
aggregate production function Y; = F(K3, L+) where Y; is total output, K; is the capital input,
and L; is the labor input, or number of workers.

a) If the production function takes the constant elasticity of substitution (CES) form given

by F(K:, Lt) = A(aK! + (1 — a)L{)% where A >0, a € (0,1), and r < 1, show that both
marginal products are positive and decreasing.

a A r r 1-r r—1
MP, = —F=Z2(aK/+(1-a)l) 7 -1-—a)li"t>0
8Lt r
) - -
SCMPL = A—a)-[(aKi + (1 =)L) T (r= 1)L 2
t

1-—2r

1—
...Lfl%(aK{-i-(l—a)L{) F1-a)li <0

b) For the CES production function above, show that there are constant returns to scale.

F(AKe, ALe) = A(a(AKe) +(1—a)(ALe)" )T = AN)T (@Kl +(1—a)Lh)T = AF(AKe, ALe)
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.

we = MP, = A(1 — a)KELT®
R: = MPx = AaK® 1Ll™@
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.

we = MPL = A(1 — o) KX L@
R: = MPx = AaK® 1Ll™@

d) With the Cobb-Douglas production function above, write down the growth rate of total
output Y; as a function of the growth rates of capital gk and labor n.
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.

we = MPL = A(1 — o) KX L@
R: = MPx = AaK® 1Ll™@

d) With the Cobb-Douglas production function above, write down the growth rate of total
output Y; as a function of the growth rates of capital gk and labor n.

Yt Kt @
=t _ a2
=L (Lt)

Iny: =InA+ a(lnK: — InL¢)
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas

production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental

rate of capital under the assumption that inputs are chosen to maximize profits.

= MP, = A(1 — a)KELT®
R: = MPx = AaK® 1Ll™@

d) With the Cobb-Douglas production function above, write down the growth rate of total

output Y; as a function of the growth rates of capital gk and labor n.

Yt Kt @
=t _ a2
=L (Lt)

Iny: =InA+ a(lnK: — InL¢)

y Kt Lt
—=0+a— —a—
Yt Kt Lt

gy = algk — n)
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.

= MP, = A(1 — a)KELT®
R: = MPx = AaK® 1Ll™@

d) With the Cobb-Douglas production function above, write down the growth rate of total
output Y; as a function of the growth rates of capital gk and labor n.

Yt Kt @
=t _ a2
=L (Lt)

Iny: =InA+ a(lnK: — InL¢)

Y Ke L
—=0+a— —a—
Yt Kt Ly
gy = o(gk — n)
e) Under the assumptions of the Solow growth model with Cobb-Douglas production, write
down the growth rate of consumption per capita as a function of gk and n.
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Practice exam solutions

c) It can be shown that the CES production function approaches the Cobb-Douglas
production function F(K:, Lt) = AK@L1™ as r — 0. Find the wage rate and the rental
rate of capital under the assumption that inputs are chosen to maximize profits.

= MP, = A(1 — a)KELT®
R: = MPx = AaK® 1Ll™@

d) With the Cobb-Douglas production function above, write down the growth rate of total
output Y; as a function of the growth rates of capital gk and labor n.

Yt Kt @
=t _ a2
=L (Lt)

Iny: =InA+ a(lnK: — InL¢)

Y Ke L
—=0+a— —a—
Yt Kt Ly
gy = o(gk — n)
e) Under the assumptions of the Solow growth model with Cobb-Douglas production, write
down the growth rate of consumption per capita as a function of gk and n.

ct=(1—s)y:
=(1—s)gy =(1—s5) ofgx —n)
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Practice exam solutions

#3 (Solow Growth Model) Suppose that the economy is characterized by the standard
assumptions of the Solow growth model, but that production is Cobb-Douglas in capital and
effective labor. Specifically, total output is given by

Ye = KOLIT® = KO (EeNe)t e

where K; is capital, L; is effective labor, E; is technology, or the productivity of a given worker,
and N is the total number of workers. Assume these grow at rates gx, ge, and n.

a) Does this production function exhibit constant returns to scale (CRS) in capital and
workers? Prove your answer using the definition of CRS.
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Practice exam solutions

#3 (Solow Growth Model) Suppose that the economy is characterized by the standard
assumptions of the Solow growth model, but that production is Cobb-Douglas in capital and
effective labor. Specifically, total output is given by

Ye = KOLIT® = KO (EeNe)t e

where K; is capital, L; is effective labor, E; is technology, or the productivity of a given worker,
and N is the total number of workers. Assume these grow at rates gx, ge, and n.

a) Does this production function exhibit constant returns to scale (CRS) in capital and
workers? Prove your answer using the definition of CRS.
The production function is Cobb-Douglas and exhibits constant returns to scale in capital
and labor. We can prove this by assuming A > 0 is a constant and computing

FOAKe, ANg) = (AKe)*(EeANy)1 =
ACKENT*(EeNe ) =
MK (EeNg)t—e

= )\F(Kt,Nt)
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Practice exam solutions

Ye
E:N¢

b) Write down output per effective worker y; := as a function of capital per effective

worker kt 1= Et(lt\l: in this economy.
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Practice exam solutions

Y:

b) Write down output per effective worker y; := EN;

as a function of capital per effective

worker kt 1= Et(lt\l: in this economy.

yom = Ke(EeNe ™ Ko (BN~ = (2 Y ke
EtNt EtNt t EtNt ‘
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Practice exam solutions

b) Write down output per effective worker y; := E:/M as a function of capital per effective

worker kt 1= Et(lt\l: in this economy.

_ Y _ Ke(EN)IT K& (ExNy) ™ = ASH R
E:N; E:N; ¢ E:N; ¢

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of
motion of capital per effective worker k;.

yt
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Practice exam solutions

b) Write down output per effective worker y; := E:/M as a function of capital per effective

worker kt 1= Et(lt\l: in this economy.

_ Y _ Ke(EN)IT K& (ExNy) ™ = ASH R
E:N; E:N; ¢ E:N; ¢

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of
motion of capital per effective worker k;.

yt

ke = =4 Ink: =In Kt — In E; — In N;
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Practice exam solutions

b) Write down output per effective worker y; :

Ke .
Enp I this economy.

worker kt 1=

_ Y: _ Kta(EtNt)lia
- E:N: E: Nt

yt

Ye
E:N¢

= K (EeNe )™

as a function of capital per effective

(&) -

K
E:N;

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of

motion of capital per effective worker k;.

K
kt = ¢ =
E:N;
l.(t _ Kt Et Nt Iy — 5Kt
kt N Kt Et Nt N Kt

Elird Haxhiu
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Practice exam solutions

b) Write down output per effective worker y; := EN; 352 function of capital per effective

t

worker kt 1= Et(N:

yt

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of

Y:

in this economy.

- :Eﬂﬁﬁfii:Kﬂamr“: Ke a:ka
E:N; E:N; t t

E:N;

motion of capital per effective worker k;.

kt =

ke
ke

Elird Haxhiu

K

E& & Inke=InK:—InE: —InN;

Kt Et Nt It — 6Kt S’/y.L 6

—_——_— - — = — — —-n=——0— —n

K. E N, K. °F K gt

sYt sYr K:

2l — (6 ke =21t —(6 k
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Practice exam solutions

b) Write down output per effective worker y; := EN; 352 function of capital per effective

t

worker kt 1= Et(N:

yt

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of

Y:

in this economy.

- _ KE(EcNe™ = K (EeNe) ™ = Ke )\ ke
E:N; E:N; t t

E:N;

motion of capital per effective worker k;.

kt =

ke
ke
ke

Elird Haxhiu

s Kta(EtNt)lia

K
Etlilt & Inke=InK: —InE; —In N,

Kt Et Nt Itf(sKt S’/y.L 6

—_——— - — = — — —-n=——0— —n
K. E N Ke EE Ke EE
sY: sYr K:

2l — (8 ke = 2t —( k
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Practice exam solutions

b) Write down output per effective worker y; := EN; 352 function of capital per effective

t

worker kt 1= Et(N:

yt

c) Let s € (0,1) denote the exogenous saving rate and § € (0,1) denote the depreciation
rate of capital. Using the law of motion of the total capital stock K, derive the law of

Y:

in this economy.

- _ KE(EcNe™ = K (EeNe) ™ = Ke )\ ke
E:N; E:N; t t

E:N;

motion of capital per effective worker k;.

kt =

ke
ke

I.(t =

Elird Haxhiu

K
Etlilt & Inke=InK: —InE; —In N,

Kt Et Nt Itf(sKt S’/y.L 6

—_——— - — = — — —-n=——0— —n
K. E N Ke EE Ke EE
sY: sYr K:

2l — (8 ke = 2t —( k

K, [t Ot ge+nke =72 — (0 ge + nke

SK:O‘(Et/Vt)l*a
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ski — (0 + ge + n)k:
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Practice exam solutions

d) Find the steady state ks« and prove that it is increasing in the saving rate s.
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Practice exam solutions

d) Find the steady state ks« and prove that

(6 + ge + n)ks«
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Practice exam solutions

d) Find the steady state ks« and prove that it is increasing in the saving rate s.

0 = sk& —(6+ge+ n)k«
(6 +ge+nke = sk
£ ()
- d+ge+n
.
0+ge+n
1
gk _ 8( s )m
ds d+ge+n
= 1 1

Elird Haxhiu
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Practice exam solutions

e) In the steady state, find the growth rate of capital per effective worker k. from above,
capital per individual worker k. where k;: := %:, and total output Y;.
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Practice exam solutions

e) In the steady state, find the growth rate of capital per effective worker k. from above,
capital per individual worker ks« where k; := %:, and total output Y;.
Since k. is constant, it must be that its growth rate is zero. This also follows from the
definition of being in a steady state, where capital per effective worker is not growing or

shrinking.
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Practice exam solutions

e) In the steady state, find the growth rate of capital per effective worker k. from above,

capital per individual worker ks« where k; := %:, and total output Y;.

Since k. is constant, it must be that its growth rate is zero. This also follows from the

definition of being in a steady state, where capital per effective worker is not growing or
shrinking. We can find the growth rate of capital per worker by noting that

~ K;
kt = 71‘
N
so that we can compute
ke
In i(t
ke
ke
8k

Kt
= E: = keE,
EN; t tCt

ke Ee
= In kt+|n Et
ke | E
kt Et
= 8kt8&E

In steady state, we know that gi, = 0 so that gz = ge.
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Practice exam solutions

e) In the steady state, find the growth rate of capital per effective worker k. from above,
capital per individual worker ks« where k; := %:, and total output Y;.
Since k. is constant, it must be that its growth rate is zero. This also follows from the
definition of being in a steady state, where capital per effective worker is not growing or
shrinking. We can find the growth rate of capital per worker by noting that

~ Kt Kt
ki = — = E: = k:E,
t Nt EtNt t tkt
so that we can compute
l;t = ktEt
Inke: = Inke+InE
ke _ ke E
k¢ ke E;
g8 = 8kt8E

In steady state, we know that gx, = 0 so that 8, = &E- For output, yr = ﬁ implies
that Y: = y: - E:N;. Taking logs and differentiating with respect to time, we have
gy =8 +g+n

Since y» = k& is constant in the steady-state, its growth rate is zero. Thus, the growth
rate of total output is equal to the sum of technology growth and population growth

8y, =8e+n
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Interest Rates and Welfare

@ Example: Let T =2, =1, and r > 0. Given utility and income

ulcr, ) = hha+lng
(v1,¥2) (2,4)

answer the following questions.
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Interest Rates and Welfare

@ Example: Let T =2, =1, and r > 0. Given utility and income

ulcr, ) = hha+lng
(v1,¥2) (2,4)

answer the following questions.

@ Part a: Find optimal consumption and saving when r = 0.
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Interest Rates and Welfare

@ Example: Let T =2, =1, and r > 0. Given utility and income

ulcr, ) = hha+lng
.y2) = (2,4)

answer the following questions.

@ Part a: Find optimal consumption and saving when r = 0.

MRS, = 2

p2

1/C1 - 1
1/C2

G = 0

Elird Haxhiu ECON 402 Discussion May 13, 2022 12/14



Interest Rates and Welfare

@ Example: Let T =2, =1, and r > 0. Given utility and income

ulcr, ) = hha+lng
.y2) = (2,4)

answer the following questions.

@ Part a: Find optimal consumption and saving when r = 0.

MRS, = 2

p2

1/C1 - 1
1/C2

G = 0

which we combine with the lifetime budget constraint

ag+o=24+4=6

tofindcf =3, ¢ =3, andsf =y1 —¢f =2-3=—-1L
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Interest Rates and Welfare

@ Example: Let T =2, =1, and r > 0. Given utility and income

ulcr, ) = hha+lng
.y2) = (2,4)

answer the following questions.

@ Part a: Find optimal consumption and saving when r = 0.

MRS, = 2

p2

1/C1 - 1
1/C2

G = 0

which we combine with the lifetime budget constraint
a+ao=24+4=506
tofind ¢ =3, ¢ =3,and s = y; — ¢f =2 -3 = —1. Note that

because s; < 0, our consumer is a borrower!
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Interest Rates and Welfare

@ Part b: Find optimal consumption and saving when r = 1.
Using the same strategy as before, we find that ¢;* = 2, ¢;* = 4, and

si*=y1 — ¢ =2—2=—1. Since s;* = 0, our consumer neither
borrows nor saves, they simply eat what they have!

Elird Haxhiu ECON 402 Discussion May 13, 2022 13 /14



Interest Rates and Welfare

@ Part b: Find optimal consumption and saving when r = 1.
Using the same strategy as before, we find that ¢;* = 2, ¢;* = 4, and
si*=y1 — ¢ =2—2=—1. Since s;* = 0, our consumer neither

borrows nor saves, they simply eat what they have!

@ Part c: Compare lifetime utility under both scenarios. Does
“consumer welfare” increase or decrease when r goes up?

Elird Haxhiu ECON 402 Discussion May 13, 2022 13 /14



Interest Rates and Welfare

@ Part b: Find optimal consumption and saving when r = 1.

Using the same strategy as before, we find that ¢;* = 2, ¢;* = 4, and
si*=y1 — ¢ =2—2=—1. Since s;* = 0, our consumer neither
borrows nor saves, they simply eat what they have!

@ Part c: Compare lifetime utility under both scenarios. Does
“consumer welfare” increase or decrease when r goes up?

r=0 : Uy=Incf+Inc =219
r=1 : U =Ing™+Ing™ =207

It makes sense that the consumer is worse off under a higher interest
rate, since they were a borrower before the change, and borrowing
became more expensive!
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Interest Rates and Welfare

@ Part d: Assume r = 0 again, but the consumer faces a borrowing
constraint s; > —5 = —0.5. Find utility if they consume optimally.
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Interest Rates and Welfare

@ Part d: Assume r = 0 again, but the consumer faces a borrowing
constraint s; > —5 = —0.5. Find utility if they consume optimally.

When r = 0, the consumer wanted to borrow one unit (s; = —1).
This implies their optimal borrowing now must be s;** = —0.5, or

equal to the limit.
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Interest Rates and Welfare

@ Part d: Assume r = 0 again, but the consumer faces a borrowing

constraint s; > —5 = —0.5. Find utility if they consume optimally.

When r = 0, the consumer wanted to borrow one unit (s; = —1).
This implies their optimal borrowing now must be s;** = —0.5, or
equal to the limit. Then consumption and utility is

G = oy — s =2-(-05)=25
G = ot sy =4+(-05)=35
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Interest Rates and Welfare

@ Part d: Assume r = 0 again, but the consumer faces a borrowing

constraint s; > —5 = —0.5. Find utility if they consume optimally.

When r = 0, the consumer wanted to borrow one unit (s; = —1).
This implies their optimal borrowing now must be s;** = —0.5, or
equal to the limit. Then consumption and utility is

G =y — s =2 - (—0.5) = 2.5
S = s =44(-05)=35
U = Ing™ +Incg™ ~2.16
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Interest Rates and Welfare

@ Part d: Assume r = 0 again, but the consumer faces a borrowing

constraint s; > —5 = —0.5. Find utility if they consume optimally.

When r = 0, the consumer wanted to borrow one unit (s; = —1).
This implies their optimal borrowing now must be s;** = —0.5, or
equal to the limit. Then consumption and utility is

G =y — s =2 - (—0.5) = 2.5
S = s =44(-05)=35
U = Ing™ +Incg™ ~2.16

That U§ < Up &~ 2.19 is unsurprising, since the consumer is
constrained when they want to borrow more!
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