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Announcements

@ Quiz 2 available today @ 4pm

@ Topics: consumption, debt, and deficits

@ Topics today

1. Overlapping Generations (OLG) model
2. Debts and Deficits
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Overlapping Generations Model

Definition: The building blocks of the OLG growth model are
e Time is discrete and infinite: t = {0,1,2,...}.
o Aggregate production is Cobb Douglas: Y; = KoL,
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Overlapping Generations Model

Definition: The building blocks of the OLG growth model are
e Time is discrete and infinite: t = {0,1,2,...}.
o Aggregate production is Cobb Douglas: Y; = KoL,

e L; = (1+ n)* young people are born in each period t.

@ Each household is comprised of an individual who lives for two
periods, one young and one old.
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Overlapping Generations Model

Definition: The building blocks of the OLG growth model are
e Time is discrete and infinite: t = {0,1,2,...}.
o Aggregate production is Cobb Douglas: Y; = KoL,
e L; = (1+ n)* young people are born in each period t.
@ Each household is comprised of an individual who lives for two

periods, one young and one old.

@ Households start life with no financial assets and leave no bequests.
They have /1 =1 and ¢ = 0 units of labor, supplied inelastically.
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Overlapping Generations Model

e State utility is u(ct) =Ince, B € (0,1) is the discount factor, and
(we, St, re41) are the wage, saving, and real interest rate in t.
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Overlapping Generations Model

e State utility is u(ct) =Ince, B € (0,1) is the discount factor, and
(we, St, re41) are the wage, saving, and real interest rate in t.

@ Individual consumption is given by
1. c¢1¢, consumption of young person in t
2. C¢11, consumption of (that same) old person in t + 1

while aggregate consumption is

Cii=ciele + ool
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Overlapping Generations Model

e State utility is u(ct) =Ince, B € (0,1) is the discount factor, and

(we, St, re41) are the wage, saving, and real interest rate in t.

@ Individual consumption is given by
1. c¢1¢, consumption of young person in t
2. C¢11, consumption of (that same) old person in t + 1

while aggregate consumption is
Ci = crele + el

@ Equilibrium market clearing conditions:
1. In the goods/product market, must have

Yt‘ == Ct + It
2. Since physical capital is the only savings vehicle, we have
Kir1 = sele
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Overlapping Generations Model

@ Example: Find the steady state of the OLG model!

@ Step 1: Solve the consumer optimization problem

max  Incit + BInco i
C1t,C2t+1
s.t. Cit + St = Wy

41 = (1 + res1)se
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Overlapping Generations Model

@ Example: Find the steady state of the OLG model!

@ Step 1: Solve the consumer optimization problem

max  Incit + BInco i
C1t,C2t+1
s.t. Cit + St = Wy

41 = (1 + res1)se

Using the MRS condition and the lifetime budget constraint:

* _ Wi
Gt = 1 + B
s _ B
C2t+1 - 1+/8(1+rt+1)wt
. p
S = T—W
t 1 4 /B
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Overlapping Generations Model

@ Step 2: Find factor prices. Let y; = ki* = f(k¢) be output per capita
under Cobb Douglas production. Then we have
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Overlapping Generations Model

@ Step 2: Find factor prices. Let y; = ki* = f(k¢) be output per capita
under Cobb Douglas production. Then we have

0
Ry = a—Kth by perfect competition
= f'(k) using the chain rule and L; - y; = Y;
= aktt
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Overlapping Generations Model

@ Step 2: Find factor prices. Let y; = ki* = f(k¢) be output per capita
under Cobb Douglas production. Then we have

Ry = aaKth by perfect competition

= f'(k) using the chain rule and L; - y; = Y;
= aktt
0
Wy = TLth
— f(kt) - ktf,(kt)
= (1—a)ky
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Overlapping Generations Model

@ Step 3: Find the law of motion for the capital labor ratio k; using the
asset market clearing condition.
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Overlapping Generations Model

@ Step 3: Find the law of motion for the capital labor ratio k; using the
asset market clearing condition.

Kiy1 = S:Lt
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Overlapping Generations Model

@ Step 3: Find the law of motion for the capital labor ratio k; using the
asset market clearing condition.

Kiy1 = S:Lt
Kty1 . s;Lt
Letq Litq
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Overlapping Generations Model

@ Step 3: Find the law of motion for the capital labor ratio k; using the

asset market clearing condition.

Kiq1 = S:Lt
Kt+1 _ S:Lt
Lia Lt+1
L
1+5 Wilt
= k1 = P
tJrl (1 + n)Lt
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Overlapping Generations Model

@ Step 3: Find the law of motion for the capital labor ratio k; using the
asset market clearing condition.

Kiy1 = S:Lt

Kty1 _ s;Lt

Litq Lt+1
w; L

= ki1 = % since pop growth is n
n)Le
15 (1 —a)ky
= % by Step 2

1+8)1+n)"
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Overlapping Generations Model

o Step 4: Compute the steady state value ky = kiy1 = k.
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Overlapping Generations Model

o Step 4: Compute the steady state value ky = kiy1 = k.

_ /8(1_@) o
S G G
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Overlapping Generations Model

o Step 4: Compute the steady state value ky = kiy1 = k.

/8(1_@) e

k* PR
(1+P)(L+n)
_1
= [
(1+8)1+n)
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Overlapping Generations Model

o Step 4: Compute the steady state value ky = kiy1 = k.

/8(1_@) e

k= Arpaen
Bl-a) 1=
=k [(1+6)(1+n)]

o We say that the economy is dynamically inefficient if k, > kgo/q-

@ Since we have *too much* capital, saving less could actually increase
consumption for everyone in the economy.

@ This is pareto improving, and hence the inefficiency.
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Overlapping Generations Model

o Step 4: Compute the steady state value ky = kiy1 = k.

/8(1_@) e

k= Arpaen
Bl-a) 1=
=k [(1+6)(1+n)]

We say that the economy is dynamically inefficient if k, > kgo/q-

Since we have *too much* capital, saving less could actually increase
consumption for everyone in the economy.

This is pareto improving, and hence the inefficiency.

What can be done about this? The government can provide another
savings vehicle to crowd out private saving... government debt!
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Debts and Deficits

Example: let time be discrete and assume output Y;, government
spending G;, and tax revenue T; grow at rates gy, gg, and gr.

a) Write down the value of each of these variables today given their value
yesterday and the known growth rates.
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Debts and Deficits

Example: let time be discrete and assume output Y;, government
spending G;, and tax revenue T; grow at rates gy, gg, and gr.

a) Write down the value of each of these variables today given their value
yesterday and the known growth rates.

Yi = (1+gy)Yi1
en (1+g6)Ge-1
T: = (1+g7)Te
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Debts and Deficits

b) Assume the initial values Y, Go, and Ty are given. Write down the
value of each of these variables in t as a function of their initial values.
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Debts and Deficits

b) Assume the initial values Y, Go, and Ty are given. Write down the
value of each of these variables in t as a function of their initial values.

Y: = Yo(1 ‘|‘gY)t
G = Go(l1+gc)*
T. = To(1 +gT)t
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Debts and Deficits

b) Assume the initial values Y, Go, and Ty are given. Write down the
value of each of these variables in t as a function of their initial values.

Y: = Yo(1 ‘|‘gY)t
G = Go(l1+gc)*
T. = To(1 +gT)t

c) Write the law of motion for government debt D;.
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Debts and Deficits

b) Assume the initial values Y, Go, and Ty are given. Write down the
value of each of these variables in t as a function of their initial values.

Y: = Yo(1 ‘|‘gY)t
G = Go(l1+gc)*
T. = To(1 +gT)t

c) Write the law of motion for government debt D;.

Dt =(14r)Di1+ Ge—1 — Te—1
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Debts and Deficits

d) Let d; := % denote the debt-to-GDP ratio. Under the assumption that
the government chooses to run a primary deficit in each period equal to a
fixed share of output x € (0,1), find the law of motion for d.

Note that XYt = Gt — Tt Vt.
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Debts and Deficits

d) Let d; := % denote the debt-to-GDP ratio. Under the assumption that
the government chooses to run a primary deficit in each period equal to a
fixed share of output x € (0,1), find the law of motion for d.

Note that xY; = Gy — T+ Vt. Then

Di = (14r)Di1+G1—Tia
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Debts and Deficits

d) Let d; := % denote the debt-to-GDP ratio. Under the assumption that
the government chooses to run a primary deficit in each period equal to a
fixed share of output x € (0,1), find the law of motion for d.

Note that xY; = Gy — T+ Vt. Then
Di: = (14+r)Di1+ Ge1— Ti1

Dt (1+r)Dt_]_ "‘th_]_
Y Y
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Debts and Deficits

d) Let d; := % denote the debt-to-GDP ratio. Under the assumption that
the government chooses to run a primary deficit in each period equal to a

fixed share of output x € (0,1), find the law of motion for d.

Note that xY; = Gy — T+ Vt. Then

Di = (14r)Di1+G1—Tia

Dt o (1+r)Dt_]_ "‘th_]_
Yy Y:

(]_ + r)Dt_]_ X+ Yt—].
dt —

(1+gy)Yer  (1+8y)Ye
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Debts and Deficits

d) Let d; := % denote the debt-to-GDP ratio. Under the assumption that
the government chooses to run a primary deficit in each period equal to a

fixed share of output x € (0,1), find the law of motion for d.

Note that xY; = Gy — T+ Vt. Then

Di = (14r)Di1+G1—Tia

Dt o (1+r)Dt_]_ "‘th_]_
Yy Y:
d (1+r)Dt_]_ X+ Yt—].
‘ (1+gy)Yer (1+8y)Yea
1+r X
= di—1
1+gy 1+gy
Elird Haxhiu ECON 402 Discussion May 27, 2022

11/13



Debts and Deficits

e) If the interest rate is r = 0.02 and gy = 0.03, can you find the steady
state debt-to-GDP ratio d.?
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Debts and Deficits

e) If the interest rate is r = 0.02 and gy = 0.03, can you find the steady

state debt-to-GDP ratio d.?

We can find a stable solution di. = d; = d;_1 whenever the coefficient on

di_1 is less than 1 in absolute value. That is, when

1+r
< 1
1+ gy
r < gy
which is satisfied in this case.
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Debts and Deficits

e) If the interest rate is r = 0.02 and gy = 0.03, can you find the steady

state debt-to-GDP ratio d.?

We can find a stable solution di. = d; = d;_1 whenever the coefficient on

di_1 is less than 1 in absolute value. That is, when

1+r
1+gy
r < gy

1

which is satisfied in this case. The steady state value is given by

1
d* - tr d* + x
1+gy 1+gy
Elird Haxhiu ECON 402 Discussion

May 27, 2022

12/13



Debts and Deficits

e) If the interest rate is r = 0.02 and gy = 0.03, can you find the steady

state debt-to-GDP ratio d.?

We can find a stable solution di. = d; = d;_1 whenever the coefficient on

di_1 is less than 1 in absolute value. That is, when

1+r
1+gy
r < gy

1

which is satisfied in this case. The steady state value is given by

1
d* - tr d* + x
1+gy 1+gy
X
d. =
8y — r
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Debts and Deficits

f) What happens to the steady state debt-to-GDP ratio as the growth rate
of output increases? Given an intuitive answer, and then confirm this
intuition mathematically using your solution above.
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Debts and Deficits

f) What happens to the steady state debt-to-GDP ratio as the growth rate
of output increases? Given an intuitive answer, and then confirm this
intuition mathematically using your solution above.

We should observe that d, shrinks with greater output growth. That is

o 0 »
oay® = gy &
= —x-(gy—r)7?
X
= —— = <0
(gy —r)?
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